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Abstract. The two–dimensional topological BF model is quantized in the axial gauge. We
show that this theory is trivially ultraviolet finite and that the usual infrared problem of
the propagator of the scalar field in two dimensions is replaced by an easily solvable long
distances problem inherent to the axial gauge. It will also be shown that contrarily to
the 3–dimensional case, the action principle cannot be completely replaced by the various
Ward identities expressing the symmetries of the model; some of the equation of motion
are needed.
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1 Introduction
The main property of Topological Field Theories (TFT) [1] is the fact that their
observables are of topological nature, i.e. they only depend on the global properties
of the manifold on which the theory is defined. Therefore, these kind of theories
exhibit remarkable ultraviolet finiteness properties due to the lack of any physical,
i.e. metric dependent observables. In particular, the two–dimensional BF model
treated here provides an example of a fully finite quantum field theory.
The history of TFT’s is closely related to the relationship between the problems
that arise in the research of physical systems and the ensuing mathematical methods
that are needed for their solution. A well known example is the relation between
the work of Donaldson concerning the study of the topology of four dimensional
manifolds [2, 3] and its description as a Topological Yang–Mills theory due to Witten
[4]. A further example is the study of the knot and link invariants in the case of
three–dimensional Chern–Simons theory [5].
The Topological Yang–Mills theory and the Chern–Simons theory are examples
of two distinct classes of TFT’s, the former belonging to the Witten type – i.e. the
whole action is a BRST variation – and the latter being of the Schwarz type – the
action splits into an invariant part and a BRST variation term.
There exists a further type of Schwarz class TFT’s: the Topological BF models
[6]. They constitute the natural extension of the Chern–Simons model in an arbi-
trary number of spacetime dimensions. These models describe the coupling of an
antisymmetric tensor field to the Yang–Mills field strength [7], [8].
The aim of the present work is the quantization of the two–dimensional BF
model in the axial gauge. It is motivated by similar works done for the Chern–
Simons model [9] and the BF model [10] both in three spacetime dimensions. The
axial gauge is particularly interesting for these two models since in this gauge these
two theories are obviously ultraviolet finite due to the complete absence of radiative
corrections. Since for the two–dimensional case we are interested in, the choice of
the axial gauge allows us to overcome the usual infrared problem which occurs in
the propagator of the dimensionless fields [11], it is interresting to see wether the
ultraviolet finitness properties are also present.
On the other hand, we have already shown that for the three–dimensional Chern-
Simons and BF models [9], [10], the symmetries completely define the theory, i.e.
the quantum action principle is no more needed. The latter property relies on
the existence of a topological linear vector supersymmetry [12] besides the BRST
invariance [13, 14]. The generators of the latter together with the one of the BRST–
symmetry form a superalgebra of the Wess–Zumino type [15, 16], which closes on
the translations [17]. Then the associated Ward identities can be solved for the
Green’s functions, exactly and uniquely.
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As this linear vector supersymmetry is also present in two–dimensions, it is nat-
ural to ask ourself wether all the Green’s functions of the two–dimensional model
are also uniquely determined by symmetry considerations. We will answer this ques-
tion by the negative. The consistency relations let some class of Green’s functions
undetermined and therefore one has to use some of the equations of motion.
The present work is organized as follows. The model is introduced in section
2 and its symmetries are discussed. In section 3 we will check the consistency
conditions between the various symmetries and thus recover almost all the equations
of motion for the theory. Section 4 is devoted to the derivation of the Green’s
functions keeping in mind that some are consequences of symmetries only whereas
some others are solution of the field equations. At the end we draw some conclusions.
2 The two–dimensional BF model in the axial
gauge
The classical BF model in two spacetime dimensions is defined by
Sinv =
1
2
∫
M
d2x εµνF aµνφ
a . (2.1)
One has to stress that the action (2.1) does not depend on a metric gµν which one
may introduce on the arbitrary two–dimensional manifold M. In this paper, M is
chosen to be the flat Euclidean spacetime1. εµν is the totally antisymmetric Levi–
Civita–tensor2. The field strength F aµν is related to the Yang–Mills gauge field A
a
µ
by the structure equation
F aµν = ∂µA
a
ν − ∂νA
a
µ + f
abcAbµA
c
ν , (2.2)
and the B field, traditionally denoted by φ for the two dimensional case, is a scalar
field.
The fields (Aaµ, F
a
µν , φ
a) belong to the adjoint representation of a simple compact
gauge group G. The corresponding generators T a obey
[T a, T b] = fabcT c , T r(T aT b) = δab , (2.3)
fabc are the totally antisymmetric structure constants of G. The field–strength
satisfies the Bianchi–identity
(DρFµν)
a + (DµFνρ)
a + (DνFρµ)
a = 0 , (2.4)
1M has the metric ηµν = diag (+ 1,+1).
2 The tensor εµν is normalized to ε12 = ε12 = 1 and one has ε
µνεστ = δ
µ
σδ
ν
τ − δ
µ
τ δ
ν
σ.
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where the covariant derivative Dµ in the adjoint representation is
(Dµ · )
a = (∂µ · )
a + fabcAbµ( · )
c . (2.5)
The equations of motion are
δ Sinv
δ φa
=
1
2
εµνF aµν = 0 , (2.6)
δ Sinv
δ Aaµ
= εµν(Dνφ)
a = 0 . (2.7)
Eq. (2.6) implies the vanishing curvature condition,
F aµν = 0 , (2.8)
and from eq. (2.7) follows that the scalar field is confined on the hypersphere
φaφa = const. . (2.9)
The action (2.1) is invariant under the infinitesimal gauge transformations
δAaµ = − (∂µθ
a + fabcAbµθ
c) = − (Dµθ)
a ,
δφa = fabcθbφc ,
(2.10)
where θa is the infinitesimal local gauge parameter.
We choose to work in the axial gauge
nµAaµ = 0 . (2.11)
and without loss of generality, we fix the axial gauge vector to be
nµ = (n1, n2) = (1, 0) . (2.12)
Following the usual BRST procedure, one introduces a ghost, an antighost and a
Lagrange multiplier field (ca, c¯a, ba) in order to construct the gauge fixed action S
in a manifestly BRST–invariant manner,
S = Sinv + Sgf , (2.13)
Sgf =
∫
d2x s(c¯anµAaµ)
=
∫
d2x (banµAaµ + c¯
anµ∂µc
a + c¯afabcnµAbµc
c) . (2.14)
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The nilpotent BRST–transformations are given by
sAaµ = − (Dµc)
a ,
sφa = fabccbφc ,
sca = 1
2
fabccbcc ,
sc¯a = ba ,
sba = 0 ,
s2 = 0 .
(2.15)
Note that the gauge fixing term Sgf is not metric independent and therefore not
topological.
The canonical dimensions and ghost charges of the fields are collected in table
1, where the canonical dimension of the gauge direction nµ is zero.
Aaµ φ
a ca c¯a ba
canonical dimension 1 0 0 1 1
ghost charge (QΦΠ) 0 0 1 -1 0
Table 1: Canonical dimension and ghost charge of the fields
Before investigating further let us make some comments concerning the axial
gauge. It is well known that this choice does not fix the gauge completely. Indeed
(2.13) is still invariant under gauge transformations of the same type as (2.10) but
where the gauge parameter θa depends only on x1. This residual gauge invariance
will play an important role in the sequel.
The action (2.13) possesses, besides the BRST–symmetry (2.15) and the scale
invariance, an additional linear vector supersymmetry. In order to derive the vector
supersymmetry transformations, one considers the energy–momentum tensor Tµν of
the theory. Since the invariant part of the action (2.1) is metric–independent, the
improved energy–momentum tensor is an exact BRST–variation,
Tµν = sΛµν , (2.16)
where Λµν is given by
Λµν = ηµν (c¯
a nλAaλ)− c¯
a (nµA
a
ν + nνA
a
µ) . (2.17)
Eq. (2.16) explicitly shows the unphysical character of the topological BF model.
Using the functional form for the equations of motion
δS
δAaν
= ενµDµφ
a + nν(ba − fabcc¯bcc) , (2.18)
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δS
δφa
=
1
2
εµνF aµν , (2.19)
δS
δca
= nµ(Dµc¯)
a , (2.20)
δS
δc¯a
= nµ(Dµc)
a , (2.21)
and the gauge condition
δS
δba
= nµAaµ , (2.22)
one gets for the divergence of (2.17)
∂νΛνµ = εµνn
ν c¯a
δS
δφa
−Aaµ
δS
δca
+ ∂µc¯
a δS
δba
+ total deriv. . (2.23)
An integration over the two–dimensional spacetime yields the Ward–identity of the
linear vector supersymmetry,
WµS = 0 , (2.24)
where
Wµ =
∫
d2x
(
εµνn
ν c¯a
δ
δφa
− Aaµ
δ
δca
+ ∂µc¯
a δ
δba
)
(2.25)
and the transformations read
δµA
a
ν = 0 ,
δµφ
a = εµνn
ν c¯a ,
δµc
a = −Aaµ ,
δµc¯
a = 0 ,
δµb
a = ∂µc¯
a . (2.26)
Remark: It can be easily verified that Sinv and Sgf are not separately invariant
under (2.26); only the combination (2.13) is invariant.
The generator δµ of the linear vector supersymmetry and the BRST–operator
s form a graded algebra of the Wess–Zumino type which closes on–shell on the
translations,
{s, δµ}A
a
ν = ∂µA
a
ν − εµν
δS
δφa
,
{s, δµ}φ
a = ∂µφ
a + εµν
δS
δAaν
,
{s, δµ}ψ
a = ∂µψ
a , ∀ψa ∈ {ca, c¯a, ba} . (2.27)
Moreover, the following algebraic relations hold,
{δµ, δν} = 0 , [δµ, ∂ν ] = 0 . (2.28)
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3 Consequences of the symmetries
We will now discuss the implications of the symmetries discussed above indepen-
dently of the action (2.13). This means that we are going to consider only the gauge
fixing condition, the Ward identity for the vector supersymmetry and the Slavnov–
Taylor identity and look for their consistency independently from the field equations
(2.18)–(2.21). Since we are ultimately interested in deriving all the Green’s func-
tions of the theory, let us first rewrite all these functional identities in term of the
generating functional for the connected Green’s functions. We will see later that
due to the absence of loop graphs for this theory, it is sufficient to restrict ourself
to the tree approximation, i.e. the Legendre transformation of the classical action:
δZc
δjµa
= Aaµ ,
δS
δAaµ
= − jµ a , (3.1)
δZc
δjaφ
= φa ,
δS
δφa
= − jaφ , (3.2)
δZc
δjac
= ca ,
δS
δca
= jac , (3.3)
δZc
δjac¯
= c¯a ,
δS
δc¯a
= jac¯ , (3.4)
δZc
δjab
= ba ,
δS
δba
= − jab , (3.5)
Zc[jµa, jaφ, j
a
c , j
a
c¯ , j
a
b ] = S[A
a
µ, φ
a, ca, c¯a, ba]+ (3.6)
+
∫
d2x
(
jµaAaµ + j
a
φφ
a + jac c
a + jac¯ c¯
a + jab b
a
)
,
where the canonical dimensions and ghost charges of the classical sources jµa, jaφ,
jac , j
a
c¯ , j
a
b are given in table 2.
jµa jaφ j
a
c j
a
c¯ j
a
b
canonical dimension 1 2 2 1 1
ghost charge (QΦΠ) 0 0 -1 1 0
Table 2: Dimensions and ghost charges of the sources
The gauge condition (2.22) now reads
nµ
δZc
δjµa
= − jab , (3.7)
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and the linear vector supersymmetry Ward identity (2.24)
WµZ
c =
∫
d2x
[
− εµνn
νjaφ
δZc
δjac¯
− jac
δZc
δjµa
− jab ∂µ
δZc
δjac¯
]
= 0 . (3.8)
The BRST–invariance is formally expressed by the Slavnov–Taylor identity
S(Zc) =
∫
d2x
(
jµa[(Dµc)
a] · Zc − jaφ[f
abccbφc] · Zc +
+ jac [
1
2
fabccbcc] · Zc + jac¯
δZc
δjab
)
= 0 . (3.9)
We have used the notation [O] · Zc for the generating functional of the connected
Green’s functions with the insertions of a local field polynomial operator O. Usually,
such insertions must be renormalized and their renormalization is controlled by
coupling them to external sources. But in the case of the axial gauge, these insertions
are trivial due to the fact that the ghost fields decouple from the gauge field as we
will see later.
In order to analyze the consequences of these functional identities, let us begin
by the projection of the supersymmetry Ward–identity along the axial vector nµ
nµWµZ
c = −
∫
d2x jab
(
− jac + n
µ∂µ
δZc
δjac¯︸ ︷︷ ︸
Xa
)
= 0 , (3.10)
where the gauge condition (3.7) has been used. Locality, scale invariance and ghost
charge conservation imply that Xa is a local polynomial in the classical sources j
and their functional derivatives δ/δj of dimension 2 and ghost charge −1. The most
general form for Xa may depends on a further term
Xa = −jac + n
µ∂µ
δZc
δjac¯
+ zabcjbb
δZc
δjcc¯
, (3.11)
provided zabc is antisymmetric in a and b. The latter is thus proportional to the
structure constants fabc. By substituting the general form (3.11) into (3.10)∫
d2x jab X
a = 0 , (3.12)
one gets
nµ∂µ
(δZc
δjac¯
)
− αfabcjbb
δZc
δjcc¯
= jac (3.13)
which, up to the undetermined coefficient α, corresponds to the antighost equation
(2.20). In order to complete this identification, let us use the fact that, in any gauge
theory with a linear gauge fixing condition, there exist a ghost equation which in
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our case follows from the Slavnov–Taylor identity differentiated with respect to the
source for nµAµ. Indeed this gives
nµ∂µ
(δZc
δjac
)
− fabcjbb
δZc
δjcc
= jac¯ , (3.14)
which corresponds to (2.21). At this level, it is clear that consistency between
(3.13) and (3.14) fixes the value α = 1. Therefore, the equations of motion for the
ghost sector (3.13), (3.14) are direct consequences of the symmetries. Furthermore,
these equations show that the ghosts only couple to the source Jb and therefore,
it is possible to factorize out the effect of the ghost fields from the Slavnov–Taylor
identity (3.9). The latter is thus replaced by a local gauge Ward identity
−∂µj
µa − nµ∂µ
(δZc
δjab
)
+ fabcjµ b
δZc
δjµ c
+ fabcjbφ
δZc
δjcφ
+
+ fabcjbc
δZc
δjcc
+ fabcjbc¯
δZc
δjcc¯
+ fabcjbb
δZc
δjcb
= 0 . (3.15)
The Ward identity expressing the invariance of the theory under the residual
gauge symmetry discussed in sect. 2 corresponds to the integration of (3.15) with
respect to x1. The residual Ward identity reads∫
∞
−∞
dx1
{
fabcjµ b
δZc
δjµ c
+ fabcjbφ
δZc
δjcφ
+ fabcjbc
δZc
δjcc
+
+fabcjbc¯
δZc
δjcc¯
+ fabcjbb
δZc
δjcb
− ∂2j
2 a
}
= 0 . (3.16)
It is important to notice that this step is plagued by the bad long distance behaviour
of the field b. Indeed, passing from (3.15) to (3.16) would imply∫
∞
−∞
dx1∂1
(δZc
δjab
)
= 0 (3.17)
which is not the case as it can be shown using the solutions given latter. This is the
usual IR problem of the axial gauge. In order to enforces (3.17), one substitutes
δ
δJb
↔ e−ε(x
1)2 δ
δJb
(ε > 0) (3.18)
which corresponds to a damping factor for the b–field along the x1 direction, and
takes the limit ε → 0 at the end. It turns out that this simple substitution is
sufficient in order to get (3.17) and that the limit can be done trivially. The check
is straightforward for all the Green’s functions and therefore is left to the reader.
For the gauge sector, let us begin with the transversal component of the su-
persymmetry Ward identity and the ghost equation (3.14) written as functional
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operator acting on Zc
WtrZc ≡ W2Z
c =
∫
d2x
[
− jaφ
δ
δjac¯
− jac
δ
δj2 a
− jab ∂2
δ
δjac¯
]
Zc = 0, (3.19)
GaZc =
(
∂1
δ
δjac
− fabcjbb
δ
δjcc
)
Zc = jac¯ . (3.20)
Then, a direct calculation shows that the consistency condition
{W2,G
a}Zc =W2j
a
c¯ (3.21)
is in fact equivalent to the equation of motion for A2 (2.19)(
∂1
δ
δj2 a
− fabcjbb
δ
δj2 c
)
Zc = jaφ − ∂2j
a
b . (3.22)
Up to now, we recover the equations of motion for c, c¯ and A2 as consistency
conditions between the various symmetries but, contrary to the higher dimensional
case, we did not get any information about the dynamic of φ.
To clarify this point, let us consider the three–dimensional BF model [10]. In
this case, it is well known that the field B is a one–form and therefore is invariant
under the so–called reducible symmetry
sBaµ = − (Dµψ)
a (3.23)
where ψ is a zero–form. To fix this extra symmetry one needs, besides the usual
Yang-Mills ghost, antighost and Lagrange multiplier fields (c, c¯, b), a second set of
such fields (ψ, ψ¯, d) related to (3.23). The consequence is that we exactly double
the number of terms because of the exact similarity between the Yang-Mills part
(Aµ, c, c¯, b) and the reducible part (Bµ, ψ, ψ¯, d). Therefore, it is easy to convince one-
self that we recover the two antighost equations and, by considering the consistency
conditions of the same type as (3.21), that we are in a position to construct the
two equations of motion for Aµ and Bµ
3. For the two–dimensional case investigated
here the field φ is a 0–form and does not exhibit any reducible symmetry of the type
(3.23). The invariance rather than covariance of φ is the basic difference between
the two–dimensional BF model and the higher dimensional case.
Finally, in order to clarify the present two–dimensional situation, let us collect
all the functional identities we have got from symmetry requirements alone. These
are the gauge condition (3.7), the antighost equation (3.13) with α = 1, the ghost
equation (3.14), the transversal component of the supersymmetry Ward identity
(3.19), the field equation for A2 (3.22), the local Ward identity (3.15) and the residual
3For a detailed discussion, see eqs. (4.3)–(4.5) in [10]
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gauge Ward identity (3.16) which are respectively given by4
δZc
δj1 a
= − jab (3.24)
∂1
(δZc
δjac¯
)
− fabcjbb
δZc
δjcc¯
= jac (3.25)
∂1
(δZc
δjac
)
− fabcjbb
δZc
δjcc
= jac¯ (3.26)∫
d2x
{
− jaφ
δ
δjac¯
− jac
δ
δj2 a
− jab ∂2
δ
δjac¯
}
Zc = 0 (3.27)(
∂1
δ
δj2 a
− fabcjbb
δ
δj2 c
)
Zc = jaφ − ∂2j
a
b , (3.28)
∂1
(δZc
δjab
)
+ fabcjµ b
δZc
δjµ c
+ fabcjbφ
δZc
δjcφ
+
+ fabcjbc
δZc
δjcc
+ fabcjbc¯
δZc
δjcc¯
+ fabcjbb
δZc
δjcb
= ∂µj
µa (3.29)
∫
∞
−∞
dx1
{
fabcjµ b
δZc
δjµ c
+ fabcjbφ
δZc
δjcφ
+ fabcjbc
δZc
δjcc
+
+fabcjbc¯
δZc
δjcc¯
+ fabcjbb
δZc
δjcb
− ∂µj
µa
}
= 0 . (3.30)
As mentioned before, the procedure described above fails to produce an important
relation. Indeed, the equation of motion (2.18)(
εµν∂ν
δ
δjaφ
+ nµ
δ
δjab
)
Zc + εµνfabc
δZc
δjν b
δZc
δjcφ
− nµfabc
δZc
δjbc
δZc
δjcc¯
= −jµa (3.31)
is not a consequence of the symmetries and therefore, has to be derived from the
action (2.13). More precisely, the µ = 1 component of (3.31) is the field equation
for φ (
∂1
δ
δjaφ
− fabcjbb
δ
δjcφ
)
Zc = −j2 a (3.32)
and the µ = 2 component of (3.31) is the field equation for b(
δ
δjab
− ∂2
δ
δjaφ
)
Zc − fabc
δZc
δj2 b
δZc
δjcφ
− fabc
δZc
δjbc
δZc
δjcc¯
= −j1 a (3.33)
which is nothing else than an integrability condition.
Remarks:
All the functional identities obtained by symmetry considerations are linear in
the quantum fields and, hence, they are not affected by radiative corrections. This
4We will now systematically substitute (2.12).
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linearization originates from the topological supersymmetry. On the other hand,
the equation for b is quadratic and may causes problems. This point will be treated
later.
4 Calculation of the Green’s functions, perturba-
tive finiteness
We will now derive the solution to the set of equations (3.24) – (3.31). In turn, this
will prove that the tree approximation (3.6) corresponds to the exact solution.
4.1 Solution of the Gauge Condition
We already emphasized that the axial gauge allows for the factorization of the ghost
sector. This is illustrated by the solution for the gauge condition (3.24)
〈Aa1(x) b
b(y)〉 = − δabδ(2)(x− y) . (4.1)
which is the only non–vanishing Green’s function containing Aa1.
4.2 Solution of the ghost sector
Let us first differentiate the antighost equation (3.25) with respect to the source jac .
This leads to5
∂1
δ2Zc
δjac¯ (x) δj
b
c(y)
∣∣∣∣∣
j=0
= − δabδ(2)(x− y) (4.2)
A subsequent integration yields the propagator
〈c¯a(x) cb(y)〉 = δab
[
−θ(x1 − y1)δ(x2 − y2) + F (x2 − y2)
]
(4.3)
where θ is the step function,
θ(x− y) =
{
1 , (x− y) > 0
0 , (x− y) < 0 .
(4.4)
5Our conventions for functional derivatives of even and/or odd objects are
δ
δC
∫
AB =
∫ (
δA
δC
B + (−1)deg(A)deg(B)
δB
δC
A
)
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and F (x2 − y2) is a function of x2 − y2 due to translational invariance, and with
canonical dimension 1. As the introduction of any dimensionfull parameters in our
theory will spoil its topological character and that we work in the space of tempered
distributions6, we are left with
〈c¯a(x) cb(y)〉 = − δab
[
θ(x1 − y1) + α
]
δ(x2 − y2) (4.5)
The analogous calculation starting form the ghost equation (3.26) leads to the value
α = −
1
2
. (4.6)
for the integration constant as a consequence of the Fermi statistics for the ghost
fields and the c ↔ c¯ invariance of the theory. This implies the principal value
prescription for the unphysical pole (nµkµ)
−1 in the Fourier–transform of the ghost–
antighost propagator.
It is important to note that contrarily to the Landau gauge [11], the ghost–
antighost propagator is infrared regular in the axial gauge.
For the higher order Green’s functions, the basic recurence relation is obtained
by differentiating (3.25) with respect to the most general combination of the sources
(δ(n+m+1)/(δjc)(δjb)
n(δjϕ)
m) for n + m ≥ 1 and ϕ ∈ {A2, φ, c, c¯}. This gives the
following recursion relation over the number of b–fields
∂1
〈
c¯a(x)cb(y)bc1(z1) . . . b
cn(zn)ϕ
d1(v1) . . . ϕ
dm(vm)
〉
= (4.7)
=
n∑
k=1
fackc δ(2)(x− zk)×
×
〈
c¯c(zk)c
b(y)bc1(z1) . . .
̂bck(zk) . . . bcn(zn)ϕd1(v1) . . . ϕdm(vm)〉
where Φ̂ denotes the omission of the field Φ in the Green’s functions.
Let us first look at the case n = 0 where (4.7) reduces to
∂1
〈
c¯a(x) cb(y)ϕd1(v1) . . . ϕ
dm(vm)
〉
= 0 (4.8)
The solution is〈
c¯a(x) cb(y)ϕd1(v1) . . . ϕ
dm(vm)
〉
= F (ξk) 1 ≤ k ≤M (4.9)
where ξk, stands for the M = 1+ 2m+
m
2
(m− 1) differences {x2− y2, x2− v2i , v
2
i −
v2j , y
2 − v2i }, 1 ≤ i, j ≤ m due to translational invariance. The absence of any
dependance on the coordinate 1 comes from the fact that any Green’s function
6Any expression of the type 1/(x2−y2) exhibits short distance singularities and therefore needs
the introduction of a dimensionfull UV substraction point in order to give it a meaning.
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which does not involve b–fields obeys an homogeneous equation similar to (4.8) for
all its arguments.
Under the same assumptions as for (4.5), F (ξk) has the general form
F (ξk) ∼ δ(ξk) (4.10)
where the coefficients are either constants or proportional to ln( ξk
ξ
k′
) since this is
the only combination which do not break scale invariance. Using now canonical
dimension arguments (c.f. Tab. 1), conservation of the ghost charge and residual
gauge invariance (3.30), one gets
〈(c¯)m1 (c)m2 (Aµ)
m3 (φ)m4〉 = 0 ∀ {m1, m2, m3, m4} 6= {1, 1, 0, 0} (4.11)
The next step concerns the Green’s functions which involves b–fields. As a con-
sequence of (4.11), the unique starting point for the recurence (4.7) is the two point
function 〈c c¯〉 (4.5). Thus (4.7) solves to the recurence relation〈
c¯a(x)cb(y)bc1(z1) . . . b
cn(zn)
〉
= (4.12)
=
n∑
k=1
fackc[θ(x1 − z1k) + α
(n)]δ(x2 − z2k)
〈
c¯c(zk)c
b(y)bc1(z1) . . .
̂bck(zk) . . . bcn(zn)〉
for n ≥ 1. The integration constants α(n) are also fixed by the Fermi statistics of
the ghost fields to be
α(n) = −
1
2
, ∀n (4.13)
and these solutions correspond to tree graphs
〈c¯a(x) cb(y) bc1(z1) . . . b
cn(zn)〉 = (4.14)
= −
n∑
k=1
f eckc
〈
c¯a(x) ce(zk)
〉 〈
c¯c(zk) c
b(y)bc1(z1) . . .
̂bck(zk) . . . bcn(zn)〉
since (3.25,3.26) are linear in the quantum fields. Thus, this justify the tree approx-
imation (3.6) for this sector.
4.3 Solution of the gauge sector
Although we already know that the symmetries fail to produce an important relation
for this sector, let us look how far we can go in the determination of the Green’s
functions when taking into account only the symmetries for the model. The most
fruitful approach is based on the transversal component of the supersymmetry Ward
identity (3.27).
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The two points functions are found by differentiating (3.27) with respect to
δ(2)/δj2δjc, δ
(2)/δjφδjc and δ
(2)/δjbδjc. They are
〈Aa2(y)A
b
2(z)〉 = 0 , (4.15)
〈Aa2(x)φ
b(y)〉 = 〈c¯b(y) ca(x)〉
= − δab
[
θ(y1 − x1)−
1
2
]
δ(x2 − y2) , (4.16)
〈ba(x)Ab2(y)〉 = ∂2〈c¯
a(x) cb(y)〉
= − δab
[
θ(x1 − y1)−
1
2
]
∂2δ(x
2 − y2) , (4.17)
where (4.5) and (4.6) have been used.
For the higher orders, (4.15, 4.16, 4.17) generalize to〈
Aa2(y)A
b
2(z) (ϕ)
n
〉
= 0
〈
Aa2(x)φ
b(y) (ϕ)n
〉
=
〈
c¯b(y) ca(x) (ϕ)n
〉
〈
ba(x)Ab2(y) (ϕ)
n
〉
= ∂2
〈
c¯a(x) cb(y) (ϕ)n
〉
with ϕ ∈ {A2, φ, c, c¯, b}. Since we have already the complete solution for the ghost
sector (4.5 ,4.11 4.14), this proves that in the axial gauge the supersymmetry com-
pletely fixes all the Green’s functions which contain at least one field A2.
4.3.1 Solution of the Local Gauge Ward–identity
The solution for 〈(b)n〉, ∀n can be derived from the local gauge Ward–identity (3.29).
Indeed, by differentiation with respect to δ(n)/(δjb)
n, n ≥ 1, one gets directly
〈(b)(n+1)〉 = 0 ∀n ≥ 1 (4.18)
Since these are the only loop diagrams of the theory, this shows that the non–
linearity of (3.33) have nn consequences and that the three approximation (3.6) is
exact.
4.3.2 Solution of the field equation for φ
In the last two subsections, we showed that all the Green’s function of the form
〈A2 . . .〉 , 〈b
n〉
where fixed by symmetry requirements. The remaining part formed by the Green’s
functions of the type 〈(φ)m(b)n〉, m ≥ 1 is solved only through the use of the
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equations of motion (3.31). In the following, we will thus look for the general
solution of (3.31) for Green’s functions with no A2 fields since the latter are already
found in the previous subsection.
For the propagators, (3.31) gives
εµν∂ν
〈
φa(x)bb(y)
〉
= 0 (4.19)
∂1〈φ
a(x)φb(y)〉 = 0 (4.20)
〈bb(x)φa(y)〉 = ∂2〈φ
a(x)φb(y)〉 (4.21)
which, together with (4.18) and translational invariance solve into
〈φa(x)φb(y)〉 = F (x2 − y2) (4.22)
〈bb(x)φa(y)〉 = 0 (4.23)
Here F (x2 − y2) is an arbitrary function with canonical dimension 0. Following the
same reasoning as for (4.5), the latter is a constant〈
φa(x)φb(y)
〉
= const δab (4.24)
It is important to notice that this constitute the first solution of the homogeneous
equation which is not anihilated by the residual gauge invariance. This is caused by
the bosonic character of the field φ of canonical dimension 0.
The higher orders are generated by functional differentiating (3.32) with respect
to δ(m+n)/δ(jb)
mδ(jφ)
n
∂1
〈
φa(x)b(y1)
b1 . . . b(ym)
bmφ(z1)
c1 . . . φ(zn)
cn
〉
= (4.25)
=
m∑
i=1
fabieδ(2)(x− yi)
〈
φe(yi)b(y1))
b1 . . . ̂b(yi))bi . . . b(ym)bmφ(z1)c1 . . . φ(zn)cn〉
For the m = 0 case, the solution which generalizes (4.22) is
F
(
ln(
x− zi
x− zj
)
)
(4.26)
but then (3.33) imposes7
〈(φ)n〉 = βn ∀n (4.27)
where βn is a constant which may depends on n. Physically this correspond to the
only invariants polynomials Trφn.
Furthermore, these solutions are the starting points for the reccurence (4.25) for
m 6= 0. Nevertheless, the Green’s functions obtained by this way do not satisfy the
residual gauge invariance (3.30) and we must set βn = 0.
7See footnote 6 on p. 12.
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5 Conclusion
We already emphisize that the main difference of the two dimensional BF model
with respect to the higher dimensional cases is the absence of reducible symmetry
caused by the 0–form nature of the field φ. The system is thus less constrained, i.e.,
the symmetries do not fix all the Green’s functions, the monomials Tr (φ)n remains
free.
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